The relation between chiral edge modes and bulk Chern numbers is a paradigmatic example of bulk-boundary correspondence. We show that the Chern numbers defined by a non-Hermitian Bloch Hamiltonian are not strictly tied to the chiral edge modes. This breakdown of correspondence is attributed to the non-Bloch-wave behaviors of non-Hermitian bands. Furthermore, we introduce non-Bloch Chern numbers for non-Hermitian Chern bands, which faithfully count the chiral edge modes. The theory is backed up by the open-boundary energy spectra and dynamics of a representative lattice model, whose phase diagram is found to be consistent with the theoretical prediction. Our results highlight a unique and essential feature of non-Hermitian bands.
Hamiltonians are Hermitian in the standard quantum mechanics. Nevertheless, non-Hermitian Hamiltonians [1, 2] are highly useful in describing many phenomena in nature, such as various open systems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and waves propagations with gain and loss . Recently, topological phenomena in non-Hermitian systems have attracted considerable attentions. For example, it has been proposed that electrons' nonHermitian self energy stemming from disorder scatterings or e-e interactions [40] [41] [42] can generate novel topological effects such as bulk Fermi arcs connecting exceptional points [40, 41] (more recently, this effect has been observed in photonic crystals [43] ). The interplay between non-Hermiticity and topology has been a growing field with a host of interesting theoretical and experimental [75] [76] [77] [78] [79] [80] [81] progresses witnessed in recent years.
A central principle of topological states is the bulkboundary (or bulk-edge) correspondence, which asserts that the robust boundary states are tied to the bulk topological invariants. Within the band theory, the bulk topological invariants are defined using the Bloch Hamiltonian [82] [83] [84] [85] . This has been well understood in the usual context of Hermitian Hamiltonians; nevertheless, it a subtle issue to generalize this correspondence to non-Hermitian systems [44] [45] [46] [47] [48] [49] [50] [51] [52] . As demonstrated numerically [46, 49, 50, 52] , the bulk spectra of one-dimensional (1D) open-boundary systems can be remote from those of the corresponding closed systems. Furthermore, through the 1D non-Hermitian Su-Schrieffer-Heeger (SSH) model with a chiral symmetry (Class AIII [84] ), it has been shown [52] that topological invariants defined by the Bloch Hamiltonian [45] [46] [47] [48] are not strictly related to the zero modes at the ends of an open chain, and a generalized bulkboundary correspondence enters via the "non-Bloch winding number" [52] , which tells the presence or absence of topological end modes.
The topology of the 1D model requires an additional chiral symmetry to stabilize, which is often fragile in real systems. In 2D, Chern bands are robust in the absence of symmetries (i.e., "purely topological"). Non-Hermitian Chern bands are relevant to a number of physical systems (e.g., photonic systems [37] , topological-insulator lasers [74, 86] ). In an interesting recent work [44] , four equivalent Chern numbers ("left/right-left/right") have been introduced for nonHermitian Bloch bands.
In this work, we uncover an unexpected bulk-boundary correspondence of non-Hermitian Chern bands. We find that the chiral edge states are qualitatively different from the predictions by Chern numbers of non-Hermitian Bloch Hamiltonians. This phenomenon is attributed to the non-Bloch-wave character of non-Hermitian bands in the presence of a boundary (edge). Furthermore, we introduce a "non-Bloch Chern number", which is strictly tied to the number of chiral edge modes. Mathematically, complex-valued wavevector (momentum) is used in its construction, which captures a unique feature of non-Hermitian bands. As an illustration, we study a concrete lattice model, whose energy spectra, dynamics (edge wave propagations), and topological phase diagram is found to be in accordance with our theory.
Bloch Hamiltonian.-We consider a lattice model similar to that of Ref. [44] . The Bloch Hamiltonian is
where σ x,y,z are Pauli matrices. The Hermitian part is the QiWu-Zhang model [87] (a variation of Haldane model [88] ); the non-Hermitian parameters γ x,y,z appear as "imaginary Zeeman fields" [89] . When γ x,y,z = 0, the model has a topological transition at m = t x + t y , where the Chern number jumps. We shall focus on m being close to t x + t y (γ x,y,z are taken to be small compared to t x,y ). The eigenvalues of H(k) are
where
A band is called "gapped" (or "separable" [44] ) if its energies in the complex plane are separated from those of other bands. In this model, the Bloch bands are gapped if E ± (k) 0. The gapped regions are found to be m > m + and m < m − , where m ± have simple expressions when γ z = 0:
The Bloch phase boundaries are m = m ± , where the gapclosing point is k = (0, 0). One can obtain that the H(k)-based Chern number (Bloch Chern number) [44] is 0 for m > m + , 1 for m < m − , and becomes non-definable in the gapless region
Open boundary.-According to the usual bulk-boundarycorrespondence scenario, the chiral edge states of an openboundary system should be determined by the Bloch Chern numbers. Remarkably, our numerical calculations reveal a different physical picture. To be concrete, let us take γ z = 0 and focus on the x-y-symmetric cases, namely v x = v y = v, t x = t y = t, γ x = γ y = γ. We fix v = t = 1 and solve the real-space lattice Hamiltonian on a square geometry with edge length L in both x and y directions, taking (m, γ) as the varied parameters. We highlight the following findings:
(i) The open-boundary spectra are entirely different from those of Bloch Hamiltonian. Notably, the majority of openboundary energy eigenvalues are real-valued for the present model with γ z = 0, while the Bloch spectra are complexvalued [see Eq. (2)]. This is a sharp difference between these two spectra. Of course, the reality of open-boundary spectra is not a general rule; in other models, it is often the case that both the two spectra are complex(e.g., it is so when γ z is nonzero); nevertheless, in general these two spectra have pronounced differences.
In addition to the numerical evidence, the reality of squaregeometry spectra can be explained as follows. To avoid lengthy notations, we simply take L = 2 as an illustration. Let us order the four sites as (x, y) = (1, 1), (2, 1), (1, 2), (2, 2), then the real-space Hamiltonian reads
This Hamiltonian is "η-pseudo-Hermitian" [90, 91] (not PTsymmetric [38, 55] ), namely, it satisfies η −1 H † η = H, where η is the direct product of spatial inversion and σ z :
The pseudo-Hermiticity guarantees that from H|ψ j = E j |ψ j , one can infer E j ψ j |η|ψ j = E * j ψ j |η|ψ j , which means E j = E * j when ψ j |η|ψ j 0. In this model, we find that the majority of eigenstates have ψ j |η|ψ j 0. The distinction between open-boundary and closedboundary spectra has also been known in a 1D model [46, 49, 50, 52] , where the reality of open-boundary spectra becomes most transparent via a similarity transformation, which ensures that the spectra are the same as those of an associated Hermitian Hamiltonian [52] . Such a transformation is absent in the present 2D model, which is therefore a more representative and nontrivial example of open-closed distinction.
(
ii) The open-boundary topological phase transitions, where the chiral edge modes are created from or annihilated into the bulk spectra, do not occur at the Bloch phase boundary at m = m ± [Eq.(3)]. By numerically scanning the gapclosing points[92], we find that the phase boundary is a single curve (red solid one in Fig.1 ), in sharp contrast to the two straight lines m = m ± obtained from the Bloch Hamiltonian. Furthermore, the numerical phase boundary can be well approximated by the theoretical prediction of Eq. (14) .
As an illustration of the phase diagram, we show in Fig. 2 the numerical spectra for two values of parameters indicated as and * in Fig.1 . Both and * are taken at the Bloch phase boundary where the Bloch Hamiltonian is gapless. Remarkably, the spectra at clearly display an energy gap ≈ 0.4. A similar bulk gap is found for the * point; in addition, there are a few in-gap energies, which can be identified as those of chiral edge modes. The absence/existence of chiral edge modes can also be detected by wave packet motions (Fig.2 , right panels). In Fig.2(a) , there is no chiral edge modes, and the initial wavefunction are superpositions of bulk eigenstates, therefore the wave packet quickly enters the bulk; in Fig.2(b) , one can see clear signatures of chiral motions along the edge.
Non-Bloch Chern number.-To understand the underlying physics, let us seek clues in the behaviors of bulk eigenstates. Interestingly, we find that all the bulk eigenstates are localized near a corner of the square [93] (It remains meaningful to talk about "bulk eigenstates" for a large system size because the density of states is proportional to L 2 ). Furthermore, fo- T , N being the normalization factor, and evolves according to the Schrodinger equation i∂ t |ψ(t) = H|ψ(t) . The intensity profile of |ψ(t) (modulus squared), normalized so that the total intensity is 1, is shown for t = 0, 5, 20. The wave packet quickly fades into the bulk in (a), while the chiral (unidirectional) edge motion is appreciable in (b).
cusing on the low-energy bulk eigenstates, we find that their spatial decay can be well fitted by exp[(γ x /v x )x + (γ y /v y )y]. Accordingly, these low-energy eigenstates are superpositions of "exponentally-modulated Bloch waves" whose spatial dependence is exp[(γ x /v x )x + (γ y /v y )y] exp(ik x x + ik y y),k x,y being real. Therefore, to describe open-boundary systems, we should take the following replacement in the Bloch Hamiltonian [Eq.(1)]:
where bothk i and δ i (k) are real-valued, and δ i (k) takes the simple form δ i = −γ i /v i for smallk in the present model. In other words, the wavevector k acquires an imaginary part iδ(k) and becomes complex-valued. The resultant "non-Bloch Hamiltonian" isH
In the spirit of low-energy theory, we take the continuum limit of Eq.(1) by the substitutions sin k i → k i and cos k i → 1−k 2 i /2:
where we have let γ z = 0 for simplicity. After the replacement k i →k i − iγ i /v i explained above, the "non-Bloch" continuum Hamiltonian is
where we have discarded a small −i i=x,y t i γ iki /v i σ z term, which is not important to determining the phase boundary; crucially, we havẽ
The above approach towardsH(k) is quite general and can in principle be implemented directly on lattice models without taking the continuum limit. The general forms of Eq. (7) and Eq. (8) remain applicable. Our non-Bloch Chern number is defined as the standard Chern number ofH(k) (not of H(k) [44] ). SinceH(k) is generally non-Hermitian, we define the standard right/left eigenvectors bỹ
where α is the band index. In fact, one can diagonalizeH(k) asH = T JT −1 , then every column of T (or (T † ) −1 ) is a right (or left) eigenvector, and the normalization u Lα |u Rβ = δ αβ is automatically satisfied. This is followed by the standard definition of projection operator: P α (k) = |u Rα (k) u Lα (k)|. We then introduce the non-Bloch Chern number on the generalized Brillouin-zone torus T 2 parameterized byk:
which can also be expressed in terms of the Berry curvature. The key in this definition is the "generalized Brillouin zone" parameterized byk instead of the usual Bloch wavevector k.
For the present two-band model, the spectra of the continuumH(k) in Eq.(10) are real, and we shall focus on the Chern number of the E α < 0 band, omitting the α index in Eq. (13) . We compute the Chern number from Eq. (10) , and obtain that C = 1 (0) form < 0 (> 0). We note that the Chern integrand is well-behaved fork → ∞ due to thek 2 i σ z terms. When t x,y = v x,y = 1, γ x,y = γ, the topologically-nontrivial conditioñ m < 0 becomes m < 2 + γ 2 , and the phase boundary is
which is confirmed by our numerical calculations (see Fig.1 ). We note that in the low-energy theory, γ is treated as being small, and we can see from Fig.1 that γ ∼ 0.5 remains well described by it. As a comparison, the Bloch Chern number [44] is nonzero only when m < 2 − √ 2γ; moreover, the Bloch Chern number cannot be defined for m ∈ [2 − √ 2γ, 2 + √ 2γ] because the bands are gapless.
To summarize our approach: One has to fit or calculate the spatial-decay factors δ(k) of eigenstates, which are then used to generateH(k). The non-Bloch Chern number is then defined viaH(k) in a standard manner. Working in the lowenergy continuum limit is convenient because of the absence ofk dependence of δ(k). The formulation is conceptually the same if one does not take the continuum limit, though thẽ k dependence would complicate the fitting or calculations of δ(k). It will be useful to develop efficient general algorithms to calculate δ(k) and C in this approach, which is left for future studies.
Cylinder.-Now we briefly discuss the cylinder geometry to clarify some potential confusions. Suppose that the cylinder has periodic-boundary condition in the x direction, and openboundary condition in the y direction. In this geometry, the spectra can be solved as 1D open-boundary systems along the y direction, with the good quantum number k x taken as a Hamiltonian parameter. As an illustration, let us take a set of parameters indicated as * in Fig.3(a) , and show the numerical spectra in Fig.3(b) . Chiral edge states can be readily seen in the spectra.
In fact, to characterize the chiral edge states on the cylinder, one can define a "cylinder Chern number", which is denoted as C y because of the open-boundary condition in the y direction. The definition is quite similar to Eq.(13), except that (k x ,k y ) is replaced by (k x ,k y ), because the eigenstates are forced to be Bloch waves in the x direction. A "cylinder Hamiltonian"H y (k x ,k y ) can be defined in a manner similar tõ H(k x ,k y ), and the cylinder Chern number C y can be defined based on this "cylinder Hamiltonian", which we shall not repeat due to the resemblance to the construction of C [Eq. (13) ].
We would like to emphasize two points: (i) The cylinder Chern number depends on the edge orientation, namely, if we take open-boundary condition in a different direction, the cylinder Chern number can be different. (ii) The original nonBloch Chern number defined in Eq. (13) is the physically more relevant one. In fact, we have found that the wave-packet motions on the edges of cylinder still follow the phase diagram of Fig.1 , namely, chiral edge motions can be detected when C (instead of C y ) is nonzero. This phenomenon is understandable because wave packets are quite ignorant of the periodic-boundary condition in the x direction if the cylinder circumference is much larger than the wave packet size in this direction.
Final remarks.-We have introduced a non-Hermitian bulkboundary correspondence that the chiral edge states are determined by a "non-Bloch" Chern number instead of the usual Bloch Chern numbers. The resultant topological phase diagrams are qualitatively different from the Bloch-Hamiltonian counterparts.
There are many open questions ahead. For example, it is worthwhile to study the respective roles of the Bloch and non-Bloch Chern numbers: What aspects of non-Hermitian physics are described by the Bloch/non-Bloch one? In addition, the theory can be generalized to many other topological non-Hermitian systems. It is also interesting to go beyond the band theory (e.g., to consider interaction effects).
